Abstract -We prove that birational Galois sections for smooth curves over Q all have image in a decomposition group of a Q-rational point if and only if certain associated 2-dimensional Galois representations are either reducible or form a compatible -adic system. This provides a birational variant endowed with an additional group theoretic condition of Grothendieck's section conjecture in anabelian geometry. We find here the first GL 2 -type argument in anabelian geometry which usually only depends on prosolvable quotients.
1. Introduction 1.1. Motivation. The section conjecture of anabelian geometry so far successfully refuses all attempts towards its proof: the conjecture in its original form remains open and is still a very hard problem despite some progress made over the last decade.
The section conjecture [Gr83] predicts that for a smooth hyperbolic curve X/k over a number field k every Galois section of the natural projection π 1 (X) → π 1 (Spec(k)) arises by functoriality from a rational point (possibly of the smooth completion), see [Sx11] for background and results.
When the emphasis is on diophantine applications, it clearly would be fascinating already to provide a description of the set of rational points in terms of sections with additional (group theoretic) conditions. Of course, we mean conditions different from the tautological condition of coming from a rational point. In this work, we impose three kinds of extra conditions: (1) birational lifting: assume the existence of lifts to a section of π 1 (Spec(K)) → π 1 (Spec(k))
where K is the function field of X, see Section 2.1, (2) adelic: assume that the section locally belongs to an adelic point of X, see Section 2.2, (3) -adic representations: if k = Q, we assume that certain 2-dimensional Galois representations of Gal k arising from families of elliptic curves over X are unramified outside a finite set of places and the place , see Section 5.3 and Theorem 31. Both conditions (1) and (2) imply by Koenigsmann [Ko05] that the sections are Selmer, i.e., they come locally from points or are cuspidal. While (1) allows us to work birationally on the curve and is entirely in terms of groups and so is very much in the spirit of the original conjecture and anabelian geometry, the second condition is rather strong as (2) imposes some kind of discreteness that we would rather deduce than invest in the theory. Nevertheless, the use of (2) is justified by the applications to strong approximation, see Theorem D below.
1.2.
Results. Based on (1) and (2) we obtain a definite result for curves over totally real number fields or imaginary quadratic fields in Corollary 14.
Theorem A. Let k be a totally real number field or an imaginary quadratic number field. Let X/k be a hyperbolic curve. Then the set of π 1 (Xk)-conjugacy classes of birationally adelic sections of π 1 (X) → π 1 (Spec(k)) that are not cuspidal is in natural bijection with the set of k-rational points of X.
We would like to emphasize that Theorem A does not rely on Faltings's Theorem, formerly known as the Mordell conjecture, which is important in light of initial hopes that the section conjecture would lead a new path towards that conjecture.
A weaker form of the second condition is the condition that sections are Selmer which in fact is implied by (1). At least up to a set S of places of density 0 we can then show that birationally liftable sections are either cuspidal or locally a rational point of X for v ∈ S, see Corollary 23 and Theorem 28. It is remarkable that this part of the argument works over any number field k.
Theorem B. Let s : Gal k → π 1 (X) be a birationally liftable section of a hyperbolic curve X/k with smooth completion X over a number field k. Then the associated adele a(s) ∈ X(A k ) • has (1) either a v ∈ X(o v ) is integral for a set of places v of Dirichlet density 1, (2) or the section s is cuspidal.
The proof of Theorem B uses in a crucial way the geometric monodromy of the Legendre family of elliptic curves. This leads to a new GL 2 -type description of cuspidal sections in contrast to the characterization via weights of abelian nature due to Nakamura [Na90] . The use of the Legendre family has the flavour of the known reduction of the section conjecture for birationally liftable sections to the special case of X = P 1 − {0, 1, ∞} as observed for example in [EsHa08] Proposition 7.9. But in fact, we have to exploit many rational maps X P 1 − {0, 1, ∞} and so the line of thought is different.
In the case of hyperbolic curves over Q, we offer the following version of a birational section conjecture with conditions, see Theorem 31. The limitation to k = Q comes from the use of Serre's modularity conjecture, now a Theorem by Khare and Wintenberger.
Theorem C. Let X/Q be a hyperbolic curve. A birationally liftable section s : Gal Q → π 1 (X) comes from a rational point or is cuspidal, if and only if for every open U ⊆ X with geometric pointū ∈ U , a lifts : Gal Q → π 1 (U,ū), and every family E/U of elliptic curves with geometric fibre Eū overū the associated family of 2-dimensional representations ρs ,E/U, = ρ E/U, •s : Gal Q → GL(T Eū) has one of the following properties:
There exists a finite set of places S independent of such that ρs ,E/U, is unramified outside and the places in S. (ii) There is a character δ : Gal Q → {±1} such that for all we have an exact sequence 0 → δε → ρs ,E/U, → δ → 0 where ε is the -adic cyclotomic character.
1.3. Outline. We sketch the contents of the paper. Section 2 contains various notions of sections with (local) conditions. In Sections 3 and 4 we describe these notions for semi-abelian varieties and make use of Stoll's finite support result in descent theory. Here, as an aside, we obtain the following interesting result of strong approximation, see Corollary 13. Theorem D. Let X/k be a hyperbolic curve over either k = Q or k an imaginary quadratic number field such that O * (X) = k * . Then the natural map
is a bijection from the set of rational points to the set of adelic points that survive any finite descent obstruction.
In Section 5 we start to draw conclusions for Selmer sections from the presence of non-constant families of elliptic curves. We prove a density theorem, Theorem 18, which relies on asymptotic of group theory in GL 2 (F ) for → ∞. The theorem roughly says that the adele associated to a section behaves either, up to a set of density 0, like a rational point, or like a cuspidal section. This works over any number field. The precise statement concerning cuspidal sections is obtained in Section 6 by means of the geometric monodromy of the Legendre family.
In the final Section 7 we prove our characterization of birationally liftable sections that come from rational points in terms of 2-dimensional Galois representations.
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Notation and terminology.
A hyperbolic curve is a smooth relative curve X → S endowed with a smooth projective relative compactification X → S with connected geometric fibres of constant genus such that Y = X \ X → S is a finite étale relative divisor, and the fibrewise -adic Euler characteristic as a functions → χ(Xs) on geometric points of S (where is invertible) is constant and negative.
For a number field k we denote its ring of integers by o k , the completion at a place v of k is k v with ring of integers o v if v ∞. The adele ring of k is denoted by A k . For a not necessarily finite set of places S of k we denote by o k,S the ring of S-integers (which are integral outside S).
Galois sections with local conditions
2.1. Sections. Let X/k be a geometrically connected irreducible and reduced variety with function field K. Let K be a fixed algebraic closure of K and set Gal K = Gal(K/K). The algebraic closure of k contained in K will be denoted byk and Gal k = Gal(k/k). The fundamental group of X/k forms an extension π 1 (X/k)
where the geometric generic point Spec(K) → Xk → X is the implicit base point. The space of sections of π 1 (X/k) up to conjugation by elements from π 1 (Xk) will be denoted by
and its birational analogue, the set of Gal Kk -conjugacy classes of sections of Gal K → Gal k , will be denoted by
By functoriality, to the point a ∈ X(k) we associate a class of sections s a : Gal k → π 1 (X). This gives rise to the non-abelian profinite Kummer map a → κ(a) = s a κ : X(k) → S π 1 (X/k) .
2.1.1. Birationally liftable sections. Let j : Spec K → X be the inclusion of the generic point which on π 1 induces the map j * : Gal K → π 1 (X), a surjection if X is normal, and furthermore a map
the image of which by definition is the set of birationally liftable sections S bir π 1 (X/k) . We remark that the property birationally liftable used here is a priori stronger than the notion with the same name defined in [Sx11] §18.5.
2.1.2. Neighbourhoods. We recall the notion of a neighbourhood of a section s : Gal k → π 1 (X). This is a finite étale cover X → X together with a lift s of the section, i.e., an open subgroup H ⊆ π 1 (X) containing the image of the section s = s . The limit over all neighbourhoods yields a pro-étale cover
It follows that a section s of π 1 (X/k) comes from a k-rational point of X if and only if X s (k) is nonempty. More precisely, we have s = s a if and only if a ∈ im X s (k) → X(k) .
2.1.3. Cuspidal section. Let X ⊆ X be an open immersion with X smooth. Let a ∈ X(k) be a rational point not contained in X, and let w be a k-valuation of K with center in a on X. Such valuations always exist due to the smoothness assumption, see [Sx12] Proposition 2. By general valuation theory, there is a split short exact sequence
with I w the inertia group and D w the decomposition group of (a prolongationw to K of) the valuation w. Composing with the natural map
leads to sections of π 1 (X/k) caused by the k-valuation w with center in a ∈ (X \ X)(k). These are by definition the cuspidal sections of π 1 (X/k), and these form naturally a subset
of the birationally liftable sections. If a cuspidal section comes from a section of D w → Gal k , then we say that s belongs to the packet of cuspidal sections of the valuation w and that the cuspidal section is centered in a, the center of w on X. Note that in this generality the packet in which a cuspidal section belongs is not necessarily unique.
Let now X be a smooth curve. For a section s : Gal k → π 1 (X) we consider the pro-(finite branched) cover
where X → X ranges through neighbourhoods of s and X is the normalization of X in X → X. Then s is cuspidal and centered in a if and only if
2.2. Local conditions. Form now on, let k be a number field and let k → k v denote the completion at a place v of k. In analogy to Selmer groups in the Galois cohomology of abelian varieties which classify torsors that become locally trivial because they possess local points everywhere, we would like to consider Selmer sections as sections that at least locally belong to a rational point.
2.2.1. Base change of sections. Since we are now in characteristic 0 we have a base change map for sections, see [Sx11] §3.2, with respect to an extension of fields k /k:
s → s ⊗ k Note that in general base change does not exist for birational sections, only if k /k is algebraic:
2.2.2. Selmer sections. In case of a number field k and v a place and k = k v we write s⊗k v = s v . Then, we furthermore say that a section s : Gal k → π 1 (X) is a Selmer section if for every place v of k the localisation s v is cuspidal or belongs to a rational point in X(k v ). The subset of all Selmer sections we denote by
For a hyperbolic curve X/k with smooth projective completion X, the adelic point of X associated to a Selmer section is unique and leads to a well defined map
• denotes the set of modified adelic points of X where the component at an infinite place v is given by π 0 (X(k v )).
It follows form [HSx10] Theorem 11 that the map a takes values in the set X(A k ) f−desc
• of adelic points that survive all finite descent obstructions, so that we obtain a map
Moreover, if X = X is a smooth projective curve of genus at least 1, then by [HSx10] Proposition 1. Let X/k be a hyperbolic curve over a number field k with smooth projective completion X ⊆ X and function field K/k.
(1) If π 1 (X/k) admits a birationally liftable section, then X(k v ) = ∅ for every completion k v .
(2) Any birationally liftable section of π 1 (X/k) is a Selmer section:
(1) If π 1 (X/k) admits a birationally liftable section, then Gal K → Gal k splits and (1) is [Ko05] Corollary 2.6.
(2) Now we apply (1) to all neighbourhoods of s. Since X sv = X s × k k v we find
as the X range over neighbourhoods of s, because this is a projective limit of nonempty compact sets. Consequently, with
we have s v = s av , either as the section associated to a v ∈ X(k v ), or as a cuspidal section associated to a choice of splitting of
where D av is the decomposition subgroup of a v ∈ X \ X. In any case, the section s is Selmer.
2.2.4. Adelic sections. Let X/k be a hyperbolic curve. An adelic section is a Selmer section s : Gal k → π 1 (X) such that the associated adele of the smooth completion a(s) ∈ X(A k ) • lies in the subset of adelic points X(A k ) • of X. The set of all adelic sections will be denoted by
that is surjective due to [HSx10] Theorem 11, see also [Sx11] Theorem 144.
2.2.5. Birationally adelic sections. Let X/k be a hyperbolic curve. A birationally adelic section is a section s : Gal k → π 1 (X) that is birationally lifting to a section Gal k → Gal K such that for every open U ⊆ X the induced section of π 1 (U/k) is either adelic for U/k or cuspidal. The set of all birationally adelic sections is denoted by
To summarize, we have defined the following hierarchy of sections with (local) conditions:
Question 2. It is natural to ask whether birationally liftable sections are in fact either adelic or cuspidal, whereby, if the answer is always yes, the hierarchy simplifies to
Examples: semiabelian varieties
Let B/k be a semi-abelian variety over a number field k and let
be the associated extension of an abelian variety A/k by a torus T /k. By continuous Kummer theory we obtain an exact sequence
where M := lim ← −n M/nM and Div(M ) denotes the maximal divisible subgroup of M . By Hilbert's Theorem 90, the group H 1 (k, T ) is annihilated by the degree of an extension that splits T . Hence the projection pr : B → A induces an injective map
for every place v of k, so that the following is exact:
It follows that the group of Selmer sections is nothing but the continuous Selmer group
with coefficients in the Tate module T (B) of B.
Proposition 3. Let B/k be a semi-abelian variety such that X(A/k) is finite for the maximal abelian variety quotient B → A. Then the natural map
Proof: The finiteness of the Tate-Shafarevich group X(A/k) implies by the above that
is injective, we can view adelic sections as the intersection
inside that product space. Intersecting with B(k) imposes on an adelic point in B(A k ) • that it has to survive all finite descent obstructions. Since for a semi-abelian variety the fundamental group is abelian and torsion free, the finite descent obstruction to adelic points agrees with the Brauer-Manin obstruction. We deduce by strong approximation [Ha08] Theorem 4 and our assumption of X(A/k) being finite that
where the topological closure of the rational points is taken in B(A k ) • with respect to the natural topology.
Here are three special cases for Proposition 3 that we will exploit in the sequel. These examples admit more elementary proofs which are given for the convenience of the reader. The first example treats G m .
Proposition 4. Let k be Q or a quadratic imaginary number field. Then G m over Spec(k) has
• inside the product contains k * . By finiteness of the class number we can fix a finite set of places S of k containing all infinite places S ∞ with Pic(o k,S ) = 1. Then we can use elements from k * to move the support of the divisor of any (a v ) ∈ G m (A k ) • into S and thus
The number fields under consideration here are exactly those with o * k finite. Hence we conclude that
and the proof is complete. The second example is concerned with a nontrivial torus of rank 1.
Proposition 5. Let F be a totally real number field and let E/F be a quadratic extension that is totally imaginary. Then, for the norm 1-torus
Proof: We need to compute T (F ) ∩ T (A F ) • which certainly injects by restriction into
where we have used the general computation of Proposition 4. By Dirichtlet's Unit Theorem the map N : o * E → o * F is an isomorphism up to torsion. This is preserved under profinite completion, and furthermore, the map
It follows from the snake lemma applied to
that the natural map
is an isomorphism. This completes the proof.
The third example treats abelian varieties and was observed by Stoll.
Proposition 6. Let A/k be an abelian variety such that A(k) and X(A/k) are finite. Then we have naturally
. Proof: Selmer and adelic sections clearly agree for all proper varieties. The proof now follows directly from (3.1).
Example 7. Examples for abelian varieties over Q that satisfy the rather restrictive assumptions of Proposition 6 are classically found as follows. A modular abelian variety is an abelian variety A/Q which occurs as a quotient J 0 (N ) → A of a modular Jacobian for suitable level N . The Birch and Swinnerton-Dyer conjecture predicts that A(Q) and X(A/Q) are finite as soon as A/Q has trivial analytic rank, i.e., its critical L-value L(A/Q, 1) = 0 does not vanish. By Mazur's work on the Eisenstein ideal we know that indeed for every prime N = 11 or N ≥ 17 there are modular abelian varieties J 0 (N ) → A of trivial analytic rank and Kolyvagin and Logachëv show in [KL89] [KL92] that indeed in these cases A(Q) and X(A/Q) are finite.
Finite support
4.1. The support of a Selmer section. Let X/k be a hyperbolic curve over the number field k with smooth projective completion X. The support of a Selmer section s : Gal k → π 1 (X) is defined as the Zariski-closed subscheme of X
where a(s) = (a v ) ∈ X is the adelic point associted to the Selmer section. We say that a Selmer section s has finite support if Z(s) is finite over k.
4.2.
Finite support and sections. On adelic points with finite support we have the following important result due to Stoll.
Theorem 8 (Stoll [St07] Theorem 8.2). Let Z be a proper closed subscheme of a smooth projective curve X of genus at least 1 over a number field k. Then the diagonal map
Stoll's result is even stronger in that the adelic point only needs to survive finite descent obstructions with respect to abelian groups. For our applicatioins to sections the difference does not matter.
Corollary 9. Let X/k be a hyperbolic curve over a number field. Then the image of the map
consists precisely of the non-cuspidal Selmer sections with finite support.
Proof: For a ∈ X(k) the support of s a is the subscheme {a} → X. It remains to conclude the converse: if the support Z(s) of the Selmer section s is finite and s is not cuspidal, then s belongs to some rational point of X. If we pass to a neighbourhood h : X → X of the section s with lift s , then
so that the property of having finite support is preserved. We may therefore without loss of generality assume that the smooth completion X of X has genus ≥ 1. Then by Theorem 8
and so in the limit over all neighbourhoods of s
The limit argument recalled in Section 2.1 implies that s = s a for any a ∈ im X s (k) → X(k) . Since we assumed s not to be cuspidal, we may even deduce that a ∈ X(k).
Remark 10. It is extremely remarkable that the version of the limit argument performed in the course of the proof of Corollary 9 does not rely on Faltings' Theorem, formerly known as the Mordell conjecture. Usually, the passage from existence of a rational point on a curve over a number field to knowing that a given section arises from a rational point requires the limit lim ← −X X (k) over all neighbourhoods of s to be a limit of compact sets. This compactness is usually guaranteed by Faltings' Theorem dashing the original hope that a proof of the section conjecture provides an alternative approach to this basic diophantine finiteness. Here, our a priori knowledge that the rational point will lie in Z allows to deal with a subset of this limit which is trivially compact.
Corollary 11. Let X/k be a hyperbolic curve that admits a nonconstant map f : X → B to a semi-abelian variety B/k such that (1) for the abelian variety quotient B → A we have X(A/k) is finite, and
Then all adelic sections of π 1 (X/k) have finite support and in particular the natural maps
given by κ and a are bijective.
Proof: We first treat κ. By Corollary 9 it suffices to show that adelic sections s :
and so it suffices to consider the adelic section f * s : Gal k → π 1 (B). By Proposition 3 and assumptions (i) and (ii) we know that f * s = s b for some b ∈ B(k). Hence Z(s) is contained in the finite subscheme f −1 (b) ⊂ X which concludes the proof that
• is injective and a : S adelic
• is surjective by [HSx10] Theorem 11. In view of X(k) = S adelic π 1 (X/k) we coclude that also a must be bijective which finishes the proof.
Remark 12. The argument of Corollary 11 was given by Stoll in the case of B = A being an abelian variety, see [St07] Theorem 8.6.
Corollary 13. Let k be Q or an imaginary quadratic number field. Let X/k be a hyperbolic curve with a global nonconstant unit f ∈ O * X \ k * . Then the natural maps
Proof: The nonconstant unit defines a nonconstant map f : X → G m . Corollary 11 together with Proposition 4 conclude the proof. Corollary 14. Let k be a totally real number field or an imaginary quadratic number field. Let X/k be a hyperbolic curve. Then the natural map
is a bijection.
Proof: We have to show that birationally adelic sections s : Gal k → π 1 (X) have finite support in order to conclude with Corollary 9. For this we may replace X by a nonempty open U ⊂ X. If k/Q is imaginary quadratic we choose U such that we have a nonconstant global unit on U and conclude with Corollary 13.
It remains to treat the case of a totally real number field k. Let a ∈ k * be a totally negative element and set k = k( √ a) with Gal(k /k) generated by σ. We denote the norm-1 torus of the totally imaginary quadratic extension k /k by
We denote the function field of X by k(X). A rational map f :
We take α ∈ k \ k and a nonconstant element g ∈ k(X) * \ k * and set
Then clearly N (f ) = 1 and f is nonconstant. We pick U ⊂ X small enough such that f : U → T is an algebraic map. Now Corollary 11 together with Proposition 5 applied to adelic sections of π 1 (U/k) and the map f : U → T conclude the proof. A result in the same spirit but using abelian varieties instead of tori was proven by Stoll [St07] Theorem 8.6 and Remark 8.9.
Corollary 15 (Stoll [St07] ). Let X/k be a hyperbolic curve over a number field k with a nontrivial map f : X → A for some abelian variety A/k with finite A(k) and finite X(A/k). Then every Selmer section s : Gal k → π 1 (X) is cuspidal or s = s a for some a ∈ X(k), so the natural maps provide identifications
Proof: Since we work with a map X → A to an abelian variety, the argument of Corollary 11 applies to all Selmer sections. The proof of the corollary thus follows from Proposition 6.
Density of non-integral places
We now discuss to what extent a Selmer section misses to be an adelic or cuspidal section.
5.1. Types of adelic points. Let X/k be a smooth, geometrically connected curve over a number field k and let X be its smooth projective completion. Let U ⊆ Spec(o k ) be a dense open such that X ⊆ X has good reduction X ⊆ X over U in the sense of open curves, i.e., X is an open in the smooth, projective X → U and the boundary divisor X \ X is relatively étale over U . For an adelic point
we define a partition of all places of k with respect to U and the models X ⊆ X as follows. integral : An integral place for a is a place v ∈ U such that the closure of
A bad place for a is a place v / ∈ U . In particular, all infinite places are bad by definition.
Definition 16. With the notation as above, we say that (a v ) ∈ X(A k ) • is asymptotically integral if the intersection number with the boundary divisor X \ X of the closure of {a v } for degenerate places v tends to 0 inẐ, i.e., for every n ≥ 1 there are only finitely many degenerate places v where n does not divide this intersection number.
Remark 17.
(1) Since we will be interested in assertions on the finiteness or the Dirichlet density of the partition sets, the choice of U and the models X ⊆ X are irrelevant.
(2) The subset X(A k ) • ⊆ X(A k ) • contains precisely those adelic points for which all but finitely many places are integral, no place is cuspidal and the components at v / ∈ U lie in X(k v ).
5.2.
Families of elliptic curves and -adic representations. Let X/k be a geometrically connected variety with geometric pointx ∈ X. We assume that there is a family of elliptic curves E → X and consider, for every = char(k) the corresponding -adic 2-dimensional representation
where Ex is the geometric fibre of E/X inx. The Weil-pairing induces a canonical isomorphism
where ε is the corresponding -adic cyclotomic charater and pr * : π 1 (X,x) → Gal k is induced by the projection map.
To any section s : Gal k → π 1 (X,x) we can thus associate a family of -adic representations
with cyclotomic determinant det(ρ s,E/X, ) = ε.
By naturality of the construction, if s = s a for a ∈ X(k), then ρ s,E/X, is nothing but the Galois representation ρ Ea/k, on T (E a ) for the fibre E a of E/X in a. If the family is constant E = X × E 0 , then clearly ρ s,E/X, is independent of s and agrees with ρ E 0 /k, .
Recall that k is a number field. Strictly speaking, the family {ρ s,E/X, } does not deserve to be called an -adic representation, because (i) we lack a conductor N such that ρ s,E/X, is unramified for all places v · N , (ii)
we lack integrality of the characteristic polynomials of Frobenius, (iii) and we lack independence of for the characteristic polynomials of Frobenius. This changes for Selmer sections, well almost.
5.3.
Almost an -adic representation. Let now X/k be a smooth, geometrically connected curve, and assume that the family E/X has bad semistable reduction along every point of X \X. Let s : Gal k → π 1 (X) be a Selmer section with associated adelic point a(s) = (a v ) of the smooth projective completion X. Let D v = Gal kv ⊂ Gal k be the decomposition subgroup of the place v, and let I v ⊂ D v be the inertia subgroup. We discuss the local behaviour ρ s,E/X, | Dv : Gal kv → GL(T (Ex)) in terms of the type of v with respect to a. As X → U with U ⊆ Spec(o k ) we take a model such that the family E/X has good reduction over X and bad semistable reduction along X \ X . Note that X is a surface and that semistable reduction ceases to make sense only in a set of codimension 2, hence a finite set that we may assume to be empty by shrinking U .
integral: For an integral v the local representation belongs to the elliptic curve E v /k v which is the fibre of E/X in a v ∈ X(k v ) and has good reduction over Spec(o v ). It follows that (i) the representation ρ s,E/X, | Dv is unramified for = char(F v ) with F v being the residue field of v, (ii) the characteristic polynomial of Frobenius is integral
(here N (v) = #F v is the norm of v), (iii) and the trace of Frobenius a v ∈ Z is independent of with |a v | ≤ 2 N (v).
degenerate: For a degenerate v the local representation belongs to the elliptic curve E v /k v which is the fibre of E/X in a v ∈ X(k v ) and has bad semistable reduction over Spec(o v ).
It follows that (i)
there is a quadratic unramified character δ v : Gal kv → {±1} such that for all = char(F v ) in a suitable basis
where ψ| Iv = m v · t is a multiple of the tame -adic character with m v > 0 integral and independent of , (ii) the characteristic polynomial of Frobenius still makes sense (computed on the unramified semisimplification) and is integral
iii) and the trace of Frobenius a v ∈ Z is independent of with
The character δ describes the 1-dimensional torus in the special fibre of the Néron model of E v over Spec(o v ). Concerning the claim on ψ we may pass to an unramified extension k v /k v such that E v attains split multiplicative reduction and therefore admits a Tate uniformization
The cocycle ψ| Iv is the Kummer cocycle associated to q v and thus agrees with the m v = v(q v ) > 0 multiple of the tame -adic character.
cuspidal: For a cuspidal v the local section s v is cuspidal at a v and thus factors over the decomposition subgroup of a v in π 1 (X ⊗k v /k v ): the absolute Galois group of the fraction field ofÔ X⊗kv,av that is noncanonically isomorphic to k v ((z)). It follows that the image of the representation ρ s,E/X, | Dv is contained in the image of the representation of the corresponding Tate elliptic curve which is the fibre E × X Spec k((z)). We thus can say the same thing about ρ s,E/X, | Dv for v as for degenerate places v except that we do know nothing on ψ:
There is a quadratic unramified character δ v : Gal kv → {±1} such that for all = char(F v ) in a suitable basis
(ii) the characteristic polynomial of Frobenius still makes sense and is integral
bad: For the finitely many bad v we say nothing.
For a Selmer section s as above and ρ = {ρ s,E/X, } we define the trace of Frobenius
for any = char(F v ) and any v that is not bad. By the above discussion this number is indeed a well defined integer. 5.4. A dichotomoy. As a consequence of the Chebotarev Density Theorem we will now prove the following result.
Theorem 18. Let X/k be a hyperbolic curve over a number field with smooth completion X. Let E/X be a family of elliptic curves with bad and not even potentially good reduction over X \ X. Let s : Gal k → π 1 (X) be a Selmer section with adelic point a(s) = (a v ) ∈ X(A k ) • . Then a(s) is asymptotically integral with respect to X, and exactly one of the following occurs.
(1) Either the set {places v such that a v is integral with respect to X} has Dirichlet density 1, (2) or the family of -adic representations ρ s,E/X, factors in a suitable basis through δε * δ with a quadratic character δ : Gal k → {±1} that is independent of and ramified at most in the bad places. Moreover, all but finitely many places are cuspidal or degenerate. The remaining places are bad.
Proof: We may pass to a neighbourhood h : X → X of the section s. For every y ∈ X \ X above y ∈ X \X, the semistable reduction theorem implies that h * E/X has semistable reduction at y if the ramification index e y /y is divisible by an integer that only depends on the degeneration of E in y. Since X is hyperbolic, among the neighbourhoods of the section s we find universal ramification along X \ X. Hence we may and will assume from the beginning that the family E/X has bad semistable reduction outside X.
Let us first address the claim on asymptotic integrality. Let be a prime number and let r ≥ 1. We have to show divisibility by r of the intersection number d v of the closure of {a v } with the boundary for almost all degenerate v .
Let m v = v(q v ) > 0 be the valuation of the local Tate parameter q v at a degenerate place v for the elliptic curve E v as in Section 5.3 above. Being essentially a finite quotient of a global Galois group, the mod r reduction of the representation ρ s,E/X, is unramified for allmost all v. If v is degenerate and unramified in the mod r representation, then r | m v by the description of ψ in (5.1).
Let now t be a local parameter on X × U o v for the boundary component of (X \ X ) × U o v that intersects with a v . The j-function on X induced by the family E/X (more precisely its extension to X ) has a pole along {t = 0} of some order e and thus t e ∼ j −1 differ by a v-adic unit. Moreover, the local Tate parameter q v has v(q v ) = −v(j(a v )). This leads to
Since only finitely many e can occur, we conclude asymptotic integrality for a(s). We now address the claimed dichotomy. Let G ⊆ GL 2 (F ) be the image of the mod reduction of ρ s,E/X, . And let M ⊆ G be the subset of elements with split characteristic polynomial and at least one eigenvalue ±1 modulo . The Frob v for v cuspidal or degenerate are contained in M so that their Dirichlet density is bounded above by #M #G .
We will show that this ratio can become arbitrarily small for ranging over all prime numbers or otherwise ρ s,E/X, has the exceptional form (2). Since the determinant of our representation is the cyclotomic character, we may assume by working with 0 that det : G F * is surjective. Let P G be the image of G in PGL 2 (F ). Then the classification of subgroups G ⊆ GL 2 (F ) with det(G) = F * (for 0) says that we can have either of the following cases:
The mod representation is reducible, i.e., G ⊆ * * * ,
(ii) G = GL 2 (F ), (iii) G is contained in the normalizer of a split torus but not in the torus and #G , (iv) G is contained in the normalizer of a non-split torus and #G , (v) P G is either A 4 , S 4 , or S 5 and #G . By Lemmata 19-22 below we are done unless case (i) occurs for all but finitely many places. We therefore now assume that all mod representations are reducible for 0. Let χ i : G → F * for i = 1, 2 be the projection onto the two diagonal entries. We denote by H i ⊆ F * the subgroup generated by χ i (M ). If the index
is unbounded for ranging over all prime numbers, then #M /#G ≤ #H i /#χ i (G ) becomes arbitrarily small and we are done. We therefore assume that the two indices are bounded.
Let G denote the image of G under
and therefore the estimate
so that we can conclude the claim of the theorem if both #H i are unbounded when ranges over all prime numbers. It remains to discuss the case, where min i=1,2 {#χ i (G )} remains bounded when tends to infinity. In this case there is an m ∈ N independent of and v such that there is a ζ ∈ µ m depending on , v such that
Now there are only finitely many ζ ∈ µ m and so for a each fixed v there must be one ζ that is good for infinitely many . With that ζ we find
so that ζ satisfies a nontrivial quadratic relation over Z. If [Q(ζ) : Q] = 2, then this must be irreducible, and N (v) = N (ζ) = 1 which is absurd. Therefore ζ ∈ Q and thus ζ = ±1. We conclude that
for every finite place v. This contradicts the Hasse-Weil bound |a v (ρ)| ≤ 2 N (v) in case v were integral. We deduce that all but finitely many places are cuspidal or degenerate and the remaining places are bad (the same argument shows that the two scenarios (1) and (2) of the theorem cannot hold simultaneously). By approximating an arbitrary element σ ∈ Gal k by Frobenius elements at places which are unramified in the mod n reduction of ρ s,E/X, we deduce that in Z .
Here the sign is independent of since we can approximate the mod n reduction for two different simultaneously by Frobenius elements and there the sign is independent of . Let Γ ⊂ GL(T (Ex)) be the image of the representation ρ s,E/X, . Then Γ is a closed -adic analytic group and by [La65] contains an open normal subgroup Γ 0 Γ that consists of squares from Γ . Let k be the finite extension of k corresponding to the finite quotient Gal k Γ /Γ 0 . Then for σ ∈ Gal k we find γ ∈ Γ with ρ s,E/X, (σ) = γ 2 .
Using the identity for
we compute tr(ρ s,E/X, (σ)) = tr(γ 2 ) = (tr(γ)) 2 − 2 det(γ) = (±(ε(γ) + 1)) 2 − 2ε(γ) = ε(γ 2 ) + 1 = ε(σ) + 1.
It follows that the semisimplification of ρ s,E/X, | Gal k agrees with ε ⊕ 1. Since ε = 1 and the trivial representation is preserved by automorphisms we conclude that ρ s,E/X, itself is also reducible. The semisimplification must be δε ⊕ δ −1 with a character δ of finite order. For the Frobenius elements, we find values of these characters
As ±N (v) is never torsion in Z * we must have δ(Frob v ) = ±1 and therefore δ is a quadratic character
Moreover, δ is independent of , since it is determined by the signs in a v (ρ) = ±(N (v)+1) which are independent of . Furthermore, by comparing with the local form at cuspidal or degenerate places, we see that δ can be ramified at most at the bad places. It remains to exclude that ρ s,E/X, has the form δ * δε in a suitable basis without being the direct sum δ ⊕ δε. Assume that this happens. Then no place can be degenerate since inertia would then act nontrivially unipotently and thereby uniquely determine the fixed Z -line. However, the description of the local representations then says that the character associated to this submodule must be δε, a contradiction. If now all but finitely many places are cuspidal, we conclude that the adelic point a(s) has finite support in X \ X. This allows to use Corollary 9 (or better its proof) to deduce that s is cuspidal. But then it follows from the known structure (as recalled above for cuspidal places) of the Galois representation associated to Tate elliptic curves that ρ s,E/X, has the shape of (2). This finally finishes the proof of the theorem.
5.5. Asymptotics in subgroups of GL 2 (F ). We now provide the Lemmas needed in the proof of Theorem 18.
Proof: The possible Jordan normal forms for elements in M are
with a, b ∈ F * and, to make the list disjoint, the condition a = 1 and b = ±1. We now have to sum up the reciprocals of the size of the respective centralizer. This leads to
Lemma 20. If P G = A 4 , S 4 , or A 5 and det(G ) = F * , then #M /#G ≤ 60/( − 1).
Proof:
We consider an element A ∈ M with eigenvalues a, 1 or −a, −1. The order of the image of A in P G is in both cases the order of a ∈ F * . Since the order of an element in A 4 , S 4 , or A 5 divides 60 we conclude that a must lie in the 60-torsion of F * .
Since det(A) = a we conclude that det(M ) is also contained in the 60-torsion of F * . The estimate
Lemma 21. If G is contained in the normalizer of a non-split torus, #G and det(G ) = F * , then #M /#G ≤ 2/( − 1).
Proof: The normalizer of a nonsplit torus has the form F * 2 Gal(F 2 /F ). We consider an element A ∈ M with eigenvalues a, 1 or −a, −1. Then A 2 is contained in the non-split torus with eigenvalues a 2 , 1. The eigenvalues of λ ∈ F 2 are λ,λ. We deduce that necessarily a 2 = 1, and the Jordan normal form of A is one of the following
Therefore det(M ) is contained in the 2-torsion of F 2 and the estimate
Lemma 22. If G is contained in the normalizer of a split torus but not in a torus, #G and det(G ) = F * , then #M /#G ≤ 6/ ( − 1).
The normalizer of the split torus is
For A ∈ M not in the torus, we have A = b a with characteristic polynomial X 2 − ab.
As ±1 must be a root we see that ab = 1. Moreover, two such elements differ by an element of
and their eigenvalues are ±1. Let H ⊆ F * be the subgroup generated by all eigenvalues of elements from M . Then for every a ∈ H 2 we have a 1 ∈ G .
Therefore we have H 2 × H 2 ⊆ G and the product map D × (H 2 × {1}) → G is injective. Since H is cyclic, we obtain the estimates
Now we simply count the elements in M by counting those of the form
Corollary 23. Let s : Gal k → π 1 (X) be a birationally liftable section of a hyperbolic curve with smooth completion X over a number field k. Then the associated adele a(s) ∈ X(A k ) • has (1) either a v ∈ X(o v ) is integral for a set of places v of Dirichlet density 1, (2) or all but finitely many places v are cuspidal or degenerate with respect to X ⊂ X.
Proof: The open subsets U = β −1 (P 1 − {0, 1, ∞}) ⊆ X for finite maps β : X → P 1 which map X \ X to {0, 1, ∞} form a basis of the topology of X (even with β étale over P 1 − {0, 1, ∞} due to an improved version of Belyi's Theorem by Mochizuki [Mz04] Corollary 1.1). The Legendre family of elliptic curves
has bad reduction exactly in 0, 1, and ∞. Thus we can apply Theorem 18 to a lift Gal k → π 1 (U ) of s and the pullback family β * E λ → U . It follows that either a v ∈ U (o v ) is integral for a set of places of density 1, in which case we are done, or secondly that all but finitely many places are cuspidal or degenerate with respect to U ⊆ X.
We may therefore assume that we are in the second case for all U as above. Let X be covered by U 1 , . . . , U n for open subsets U i as above (in fact two such sets suffice). Let Y i be the Zariski closure of X \ U i in a suitable common model. The intersection i Y i is finite. Thus a v is actually cuspidal or degenerate also for allmost all places v with respect to X ⊂ X.
6. Cuspidal sections 6.1. The geometric monodromy of the Legendre family. For the finer analysis in Theorem 28 below we have to understand the geometric monodromy representation of the Legendre family
. In fact the 2-adic representaion turns out to be crucial. Since we are in characteristic 0, this is nothing but the profinite/pro-2 completion of the topological monodromy on the period lattice of the family. The topological fundamental group
is freely generated by an infinitesimal counterclockwise loop x around 0 starting and ending at the tangential base point − → 01, and by the path y which is the image of x under λ → 1 − λ conjugated by the path from − → 01 to − → 10 along the real interval [0, 1]. The path z = (xy) −1 turns out to be a an infinitesimal loop around ∞ conjugated by a path form − → 01 to a tangential base point at ∞. In particular, this topological presentation reveals representatives for the inertia groups at the cusps 0, 1, and ∞, namely I 0 = x , I 1 = y , and I ∞ = z .
Using this description of π top 1 (P 1 (C) − {0, 1, ∞}, − → 01) the following is classical:
Lemma 24. For a suitable basis, the topological monodromy representation
for the Legendre family maps the generators as follows:
Proof: Well known computation of the monodromy of the Picard-Fuchs equation associated to the family of elliptic curves.
Remark 25. Note that the explicit formulae of Lemma 24 allow to conclude that inertia at 0 and 1 acts unipotently, while inertia at ∞ acts quasi-unipotently with Jordan normal form
which corresponds to the fact that the Legendre family is semistable at 0, 1 and additive at ∞.
6.2. Unipotent subgroups up to conjugation. Let U ⊆ GL 2 (Z ) be a nontrivial unipotent subgroup. Then
is a free and cotorsion free submodule of rank 1 and as such defines an element L U ∈ P 1 (Z ).
Conversely, to such a line L ∈ P 1 (Z ) we can define the unipotent subgroup
Clearly, U ⊆ U (L U ) and unipotent subgroups of the form U L are maximal among unipotent subgroups with respect to inclusion.
Proof: The map L → U (L) is the inverse map.
6.3. Recognizing cusps via unipotent subgroups. It follows from Lemma 26 that GL 2 (Z ) acts transitively by conjugation on the set of its maximal unipotent subgroups. However, this changes if we consider only the conjugation action by a suitable subgroup.
Lemma 27. The maximal unipotent subgroups U 0 , U 1 , and U ∞ of GL 2 (Z 2 ) containing the images of (the square of ) inertia in the 2-adic geometric monodromy representation of the Legendre family ρ Leg (I 0 ), ρ Leg (I 1 ), and respectively ρ Leg ((I ∞ ) 2 )
are mutually not conjugate under the image ρ Leg π 1 (P 1
Proof: The Legendre family has trivial 2-torsion as is reflected by ρ top Leg mapping to the subgroup Γ(2) ⊂ SL 2 (Z) of elements ≡ 1 mod 2. This is inherited by the profinite completion ρ Leg . We deduce that conjugation by elements from im(ρ Leg ) only moves maximal unipotent subgroups within the fibre of the mod 2 reduction , so that U 0 , U 1 , and U ∞ map to three different elements in P 1 (F 2 ).
6.4. Enough families of elliptic curves. We are now in a position to treat Selmer sections that behave like cuspidal sections with respect to the dichotomy of Theorem 18.
Theorem 28. Let s : Gal k → π 1 (X) be a birational lifting section of a hyperbolic curve X over a number field k with smooth completion X. If the associated adele a(s) = (a v ) is cuspidal or degenerate with respect to X ⊆ X at all but finitely many places of k, then s is a cuspidal section of π 1 (X/k).
Proof: Let Y = X \ X be the complement. Since the assumptions are inherited by neighbourhoods, it suffices to show that Y (k) is nonempty and then apply the limit argument as recalled in Section 2.1.
We consider the following map defined on almost all places of k:
where we assign to a cuspidal or degenerate place v of k the closed point y v of Y such that the closure of a v and y v in a model over o v intersect in the special fibre. Let β : U → P 1 − {0, 1, ∞} be a finite map defined on an open U ⊆ X. We lift s to a section of π 1 (U/k) and apply Theorem 18 to this lift and β * E λ /U . Since a(s) does not change with the lift, we are still in the second case of the conclusion of Theorem 18. The 2-adic representation induced by the section factors through
which is a pro-2 group. Now by passing to a neighbourhood h : U → U of s we may assume that ρ h * β * E λ /U ,2 : π 1 (U ) → GL 2 (Z 2 ) factors through a pro-2 group. Let S be a finite set of places containing all the bad places for h * β * E λ /U and the places dividing 2. Let U / Spec(o k,S ) be a hyperbolic curve model of U /k. Denote by π 
The specialisation map sp : π 
1 (U ). Here cyclotomically normalizing means that the induced action by conjugation is via the cyclotomic character. Due to neglecting base points and choice of prolongations of places, these inertia and decomposition groups are only well defined up to conjugation and (6.1) has to be considered as holding for suitable choices within the conjugacy classes of these groups. Because of is cyclotomically normalized. This maximal unipotent subgroup is independent of v and thus must by (6.1) be conjugate to the image of I y v . We conclude with Lemma 27 that
is also independent of v. By Riemann-Roch, it is easy to find for any partition Y = Y 0 Y ∞ a suitable U ⊆ X and a finite β : U → P 1 − {0, 1, ∞} with β(Y 0 ) = {0} and β(Y ∞ ) = ∞. We conclude that v → y v must be a constant function, i.e., all local points a v degenerate or are cuspidal with the very same point y ∈ Y . This means in particular, that the residue field extension κ(y)/k has a split place above almost all places v of k, and this is only possible if κ(y) = k by Lemma 30 below. Thus y ∈ Y (k) and this finishes the proof.
Remark 29. Note that the use of the limit argument in Theorem 28 does again work without the use of Faltings' Theorem on the finiteness of the set of rational points for curves of genus at least 2 over number fields.
Lemma 30. Let F/K be a finite extension of number fields such that for all but finitely many places of v there is a place w of E with the same residue field. Then we have necessarily E = F .
Proof: Let E/K be a Galois hull of F/K and let G = Gal(E/K) ⊇ H = Gal(F/K) be the respective Galois groups. The assumption says that for all but finitely many v the conjugacy class of Frobenius elements at places w | v meets H nontrivially. But since every element of G is a Frobenius element infinitely often, this implies that G is the union of the conjugates of H. This is only possible if G = H and thus F = K as claimed.
On the birational section conjecture over Q with conditions
In the case of hyperbolic curves over Q, we offer the following version of a birational section conjecture with conditions. Theorem 31. Let X/Q be a hyperbolic curve. A birationally liftable section s : Gal Q → π 1 (X) (a) comes from a rational point a ∈ X(k), (b) or is cuspidal, if and only if for every open U ⊆ X with geometric pointū ∈ U , a lifts : Gal Q → π 1 (U,ū), and every family E/U of elliptic curves with geometric fibre Eū overū the associated family of 2-dimensional representations ρs ,E/U, : Gal Q → GL(T Eū) has the following properties (c) either there exists a finite set of places S independent of such that ρs ,E/U, is unramified outside and the places in S, (d) or there is a quadratic character δ : Gal Q → {±1} such that for all we have an exact sequence 0 → δε → ρs ,E/U, → δ → 0 where ε is the -adic cyclotomic character.
Remark 32. Assumption (c) rules out that infinitely many places of k are degenerate with respect to the adele associated to the birationally liftable s : Gal Q → π 1 (X) and X ⊆ X. But it does not exclude that maybe infinitely many places are cuspidal.
Proof:
Step 1: Let X be the smooth completion of X. We show first that (a) or (b) implies (c) or (d). Let s : Gal Q → π 1 (X) be a birationally liftable section and let E/U be a family of elliptic curves ands : Gal Q → π 1 (U ) as in the theorem. Upon replacing U by neighbourhood ofs we may assume that E/U has either good or bad semistable reduction along points in X \ U . If the section s originates from a rational point or a cusp located in the point a ∈ X(k), then the representation ρ s,E/U, has property (c) if the family has good reduction in a, because by functoriality then ρs ,E/U, = ρ Ea, is the representation of the corresponding fibre of (the extended) family in a. If the reduction is bad semistable, then ρs ,E/U, has property (d).
Since both sides are integral over Z and independent of we conclude that a p (f ) = a p (ρ) ∈ Z as integers. It follows that the abelian variety quotient J 0 (N ) → E f associated to f is of dimension 1, an elliptic curve, and that ρ E f , ⊗ Q = ρ f, ⊗ Q ∼ = ρ s,E/U, ⊗ Q .
(7.1)
This allows us to read off weights of Frobenius: an elliptic curve over Q has good reduction outside a finite set of places, the corresponding local representations are unramified and of weight −1, and thus all but finitely many places are integral with respect to a(s) and X ⊆ X. This almost shows that a(s) ∈ U (A Q ) • with the exception of finitely many places p where a p ∈ Y (Q p ) = (X \ U )(Q p ).
(We sincerely hope that the reader is not confused by the two meanings of a p : as a local point associated to the section, and as a trace of Frobenius.) We may assume that the isomorphism in (7.1) respects the two integral structures to the extend that ρ s,E/U, acts on a lattice in T E f with cyclic quotient. Asρ is irreducible for 0, this cyclic quotient can be nontrivial only for finitely many , whence we can replace E f by an isogenous elliptic curve E f and obtain even isomorphisms on the level of Z -coefficients ρ E f , ∼ = ρ s,E/U, .
(7.2)
Step 5: Let p be a place such that a p = y ∈ Y (Q p ). Then the local section s p = s ⊗ Q p is cuspidal and ρ s,E/U, | Gal Qp factors through a decomposition group at y, hence through a group δε * δ with δ a quadratic character. Thus the semisimplification of the local representation has Frobenius weights −2, 0. It follows that E f cannot have potentially good reduction at p since otherwise the local Frobenius weights at p were −1. By passing to a finite extension K/Q p we may assume that E f has split semistable reduction. Let q ∈ K * be the local parameter in the description as a Tate elliptic curve. Then ρ E f , | Gal K as an extension is described by q ∈ K * ⊂ K * = Ext (1, ε), described by ρ s,E/U, | Gal K .
Let D y be the decomposition subgroup at the cusp y in π 1 (U ⊗ K) and letẐ(1) = I y ⊂ D y be the inertia subgroup. The section s being cuspidal at p, we find the following diagram. with m ∈ Z related to the valuation of the Tate parameter governing the semistable reduction of E/U in y. Choosing a parameter t at y we can split 1 →Ẑ(1) → D y → Gal K → 1 with a section s t using the corresponding tangential base point. The difference of s p and s t yields a class δ(s p , s t ) ∈ H 1 (K,Ẑ(1)) = Ext
